In 1904, Dickson [5] stated a very important conjecture. Now people call it Dickson's conjecture. In 1958, Schinzel and Sierpinski [14] generalized Dickson's conjecture to the higher order integral polynomial case. However, they did not generalize Dickson's conjecture to the multivariable case. In 2006, Green and Tao [13] considered Dickson's conjecture in the multivariable case and gave directly a generalized Hardy-Littlewood estimation. But, the precise Dickson's conjecture in the multivariable case does not seem to have been formulated. In this paper, based on the idea in [15], we will try to complement this and give an equivalent form of Dickson's Conjecture, furthermore, generalize it to the multivariable case or a system of affine-linear forms on N k . We also give some remarks and evidences on conjectures in [15] . Finally, in Appendix, we briefly introduce the basic theory that several multivariable integral polynomials represent simultaneously prime numbers for infinitely many integral points.
Introduction
The question of existence of infinitely many prime values of polynomials f (x) with integral coefficients has been one of the most important topics in Number Theory. Euclid [1] proved firstly that f (x) = x represents infinitely many primes. In 1837, Dirichlet [2] showed that f (x) = a + bx takes infinitely many primes, where a and b are integers satisfying (a, b) = 1, and either a = 0, b > 0, or a = 0, b = 1. In 1857, Bouniakowsky [3] considered the case of nonlinear polynomials and conjectured that if f (x) is an irreducible polynomial with integral coefficients, positive leading coefficient and degree at least 2, and there does not exist any integer n > 1 dividing all the values f (k) for every integer k, then f (x) is prime for an infinite number of integers x. Unfortunately, as far, his conjecture even the simplest case f (x) = x 2 + 1 [4] is still open. In a somewhat different direction, by generalizing Dirichlet's theorem and concerning the simultaneous values of several linear polynomials, Dickson [5] stated the following conjecture in 1904:
Dickson's conjecture: Let s ≥ 1, f i (x) = a i + b i x with a i and b i integers, b i ≥ 1 (for i = 1, ..., s ). If there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k, then there exist infinitely many natural numbers m such that all numbers f 1 (m), ..., f s (m) are primes.
Dickson's conjecture implies many important results [6] such as: 1, there exist infinitely many composite Mersenne numbers. 2, there exist infinitely many pairs of twin primes. 3, there exist infinitely many Carmichael numbers. 4, Artin's conjecture is true. 5, a conjecture of Hardy and Littlewood is true. 6, there exist infinitely many Sophie Germain primes or safe primes. 7, van der Corput's theorem [7] which states that there are infinitely many triples of primes in arithmetic progression.
8, Balog's theorem [10] which states that for any m > 1, there are m distinct primes p 1 , ..., p m such that all of the averages p i +p j 2 are primes. 9, Green-Tao theorem [8] which states that the sequence of prime numbers contains arbitrarily long arithmetic progressions.
10, and so on.
Historically, many mathematicians were interesting in Dickson's conjecture and obtained great results. For example, Hardy and Littlewood [9] , Balog [10, 11] , Heath-Brown [12] , Green and Tao [13] , and et al. gave important consideration and profound analysis on Dickson's conjecture and its special cases. In [13] , Green and Tao further generalized the conjecture of Hardy and Littlewood in [9] .
In 1958, by studying the consequences of Bouniakowsky's conjecture and Dickson's conjecture, A. Schinzel and W. Sierpinski [14] got the following: Schinzel-Sierpinski conjecture (H hypothesis): Let s ≥ 1, and let f 1 (x), ..., f s (x) be irreducible polynomials with integral coefficients and pos-itive leading coefficient. If there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k, then there exist infinitely many natural numbers m such that all numbers f 1 (m), ..., f s (m) are primes.
However, Schinzel and Sierpinski did not generalize Dickson's conjecture to the multivariable case. In [13] , Green and Tao considered Dickson's conjecture in the multivariable case. But, the precise conjecture does not seem to have been formulated. In this paper, based on the idea in [15] , we will try to complement this and give an equivalent form of Dickson's conjecture, and, generalize it to the multivariable case or a system of affine-linear forms on N k . In this paper, we always restrict that a k-variables integral polynomial is a map from N k to Z, where k ≥ 1. We will also give some remarks and evidences on conjectures in [15] . We obtained the following:
The equivalent form of Dickson's conjecture: Let f 1 (x), ..., f s (x) be s linear polynomials with integral coefficients, if there is a positive integer c such that for every positive integer m ≥ c, there exists a positive integer
.., f s (x) represent simultaneously primes for infinitely many positive integers x. Namely, the sufficient and necessary condition that s linear polynomials f 1 (x), ..., f s (x) with integral coefficients represent infinitely many primes is of that there is a positive integer c such that for every integer m ≥ c, there exists a positive integer y such that f 1 (y) > 1, ..., f s (y) > 1 are all in Z * m . This sufficient and necessary condition implies that there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k, and, for every 1 ≤ i ≤ s, the leading coefficient of f i (x) is positive. Of course, it also implies the non-trivial case that all the polynomials f i (x) are non-constant, and, no two polynomials are rational multiples of each other.
The generalization of Dickson's conjecture: Let s, k ∈ N and let f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) be multivariable polynomials of degree 1 with integral coefficients, if there is a positive integer c such that for every positive integer m ≥ c, there exists an integral point (y 1 , ..., y k ) such that
.., f s represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ).
The proof of equivalent form
The proof of case s = 1: We firstly prove that the equivalent form of Dickson's conjecture holds when s = 1. Namely, the sufficient and necessary condition that the linear polynomial f (x) with integral coefficients represents infinitely many primes is of that there is a positive integer c such that for every integer m ≥ c, there exists a positive integer y such that f (y) > 1 is in Z * m . Let f (x) = a + bx be a linear polynomial with integral coefficients. Obviously, if there is a positive integer c such that for every integer m ≥ c, there exists a positive integer y such that f (y) > 1 is in Z * m , then either a = 0, b = 1 or a = 0, b > 0 with (a, b) = 1. By Euclid's second theorem and Dirichlet's theorem, f (x) = a + bx represents infinitely many primes.
On the other hand, if f (x) = a + bx represents infinitely many primes, then either a = 0, b = 1, or a = 0, b > 0 with (a, b) = 1. When a = 0, b = 1, let c = 3, then for every integer m ≥ c, there exists a positive integer y e.g. [15] , by using the result of de la Vallée Poussin, which states that the number of primes of the form a + bn not exceeding a large number x is asymptotic to x/ϕ(b) log x as x → ∞, where ϕ(.) is Euler's function, we proved that there is a positive integer c such that for every integer m ≥ c, there exists a positive integer y such that f (y) > 1 is in Z * m . Next, we will give another proof which is very simple and elementary.
Note that f (x) = a + bx represents infinitely many primes when a = 0, b > 0 with (a, b) = 1. Therefore, there are positive integers y, z such that p = a + by > q = a + bz > b(|a| + k), where p, q are primes and k is the least positive integer such that k > 1 and (a, k) = 1. Surely, k is prime, too. Now, we prove that for every integer m ≥ c = pq, there exists a positive integer
Similarly, if (m, q) = 1, we can choose x = z. Hence, we only consider the case m = pqt, where t ∈ N . Since t ∈ N , a ∈ Z and a = 0. Hence, t has a positive divisor which is co-prime to a. For example, t has a positive divisor 1 and (a, 1) = 1. Let d be the greatest positive divisor of t such that (a, d) = 1. Then, either (bpd + a, pqt) = 1 or (b(|a| + k)pd + a, pqt) = 1. We will prove this key fact.
We write t = dr with r ∈ N . If (a, t) = 1, then d = t, r = 1 because d is the greatest positive divisor of t such that (a, d) = 1. Thus, (bpd + a, pt) = (bpt + a, pt) = 1 and (b(|a| + k)pd + a, pt) = 1 since p > |a| and (p, a) = 1. If (a, t) = 1, then r > 1 and any prime divisor of r divides a. But, (bpd, a) = (b(|a| + k)pd, a) = 1. Therefore, (bpd + a, pt) = (bpd + a, pdr) = 1 and (b(|a| + k)pd + a, pt) = 1. Note that q = a + bz > b(|a| + k). So, q can not divide simultaneously bpd + a and b(|a| + k)pd + a. So, either (bpd + a, pqt) = 1 or (b(|a| + k)pd + a, pqt) = 1. On the other hand, clearly, 1 < bpd + a < pqt and 1 < b(|a| + k)pd + a < pqt. Thus, we can choose a number
In the proof above, we used Dirichlet's theorem. However, one can give the third proof without Dirichlet's theorem. Namely, without Dirichlet's theorem, one might prove directly that if f (x) = a + bx with a = 0, b > 0 and (a, b) = 1, then there is a positive integer c such that for every integer m ≥ c, there exists a positive integer y such that f (y) > 1 is in Z * m .
Since a = 0, b > 0, hence there is a positive integer u such that f (u) = a+bu > 1, (u, a) = 1, and any prime divisor of a+bu is greater than b(|a|+k), where k is the least positive integer such that k > 1 and (a, k) = 1. For example, one can choose u = p≤2b(|a|+k),(a,p)=1 p, where p is prime. Let P be the set of all prime divisors of a + bu. On the other hand, clearly, there is a positive integer v such that f (v) = a + bv > 1, (a + bu, a + bv) = 1 and any prime divisor of a + bv is greater than b(|a| + k). For instance, one might choose v = p∈P p p≤2b(|a|+k),(a,p)=1 p, where p is prime. Let Q be the set of all prime divisors of a + bv. We claim that for every integer m ≥ c = (a + bu) × (a + bv), there exists a positive integer y such that f (y) > 1 is in Z * m . By the aforementioned idea, it is enough to consider the case m = pqt, where p ∈ P , q ∈ Q and t ∈ N . The details of proof are left as an exercise.
Remark 1: It is worthwhile pointing out that the problem of determining the low bound of constant c is interesting. For any integers a, b satisfying a = 0, b > 0 and (a, b) = 1, let c be the least positive integer such that for every integer m ≥ c, there exists a positive integer x such that f (x) = a + bx > 1 is in Z * m . We write (r − 1)! < c ≤ r!, where r is a positive integer. By the idea in [15] , we conjecture that if f (x) = a + bx > 1 in Z * r! is the least positive integer of the form a + bx, then it always is prime. And if this holds, then it leads to a new proof on Dirichlet's theorem. Moreover, as a special case of a conjecture in [15] , the following conjecture is consistent with Dirichlet's theorem.
Conjecture 1: With the notation above, if n ≥ r, then there always is a prime of the form a + bx in Z * n! .
The proof of case s > 1: Clearly, the condition that there is a positive integer c such that for every integer m ≥ c, there exists a positive integer y such that f 1 (y) > 1, ..., f s (y) > 1 are all in Z * m implies that there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k, and, for every 1 ≤ i ≤ s, the leading coefficient of f i (x) is positive. Therefore, it is enough to prove that the latter implies the former. For this goal, we write f i (x) = a i + b i x with a i and b i integers, b i ≥ 1 (for i = 1, ..., s ). Since there does not exist any integer n > 1 dividing all the products
Without loss of generality, we only need consider the two cases as follows: The proof of Lemma 1: Easy. When C < 2, it is clear. Using the method in [15] , we write C! = i=r i=1 p i e i when C ≥ 2. Noticed that there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k. So, there exists a positive integer a j such that gcd( 
The proof of Lemma 2: Clearly, by Chinese Remainder Theorem, it is enough to prove that for any prime p, there exists a positive integer x such that (
. Now, we consider the case that p does not divide r. Using the known condition that there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k, we deduce easily that there exists a positive integer y such that (
Note that there are positive integer t, x such that
And Lemma 2 holds.
., s, and let r > 1 be a positive integer satisfying (r,
If there does not exist any integer n > 1 dividing all the products i=s i=1 f i (k), for every integer k, then for any positive integer l, there is a positive integer e > 1 depending on l, s, a 1 , ..., a s , such that for any positive integer m, there exists a positive integer x satisfying (
The proof of Lemma 3: For any positive integer l, we choose f =
where p represents a prime. Let e = ϕ(f )+ 1. Then for any prime q satisfying q ≤ s l+1 , r e j ≡ r( mod q) holds for j = 0, ..., l. By the known condition and Lemma 2, we know that there exists a positive integer x such that (
. By Chinese Remainder Theorem, one can further prove the Lemma 3 holds for s > 1. While s = 1, Lemma 3 is trivial by picking e = ϕ( p≤(l+1)|a 1 |+1,(p,|a i |)=1 p) + 1.
The proof of Case 1: Let l = s + 1 and r = (
and c i = r e i for i = 1, ..., s + 1. By the known condition, Lemma 1 and Lemma 2, we know that there are positive integers u, v such that (
Let P be the set of all prime divisors of i=s i=1 (a i + b i c 1 u). And let Q be the set of all prime divisors of i=s i=1 (a i + b i c 1 v). We claim that for every integer
Certainly, in order to prove that Case 1 holds, it is enough to consider the case m = pqt, where p ∈ P , q ∈ Q and t ∈ N . By the known condition and Lemma 3, there must be a positive integer x ≤ p × t such that (
If q|x, then one can choose y = c 1 × x and Case 1 holds. When (q, x) = 1, let's consider the matrix
Since q > a + b × c s+1 , hence there is at most a number which can be divided q in each row of the matrix M . But there are s(s + 1) elements in M . So, there must be some j with 1 ≤ j ≤ s + 1 such that (
This completes the proof of Case 1.
The proof of Case 2: By the known conditions, it is easy to prove that there are positive integers u > 1 and v > 1 such that for every 2 ≤ j ≤ s, 
there exists a positive integer y such that f 1 (y) > 1, ..., f s (y) > 1 are all in Z * m . Clearly, in order to prove that it holds, it is enough to consider the case m = pqt, where p ∈ P , q ∈ Q and t ∈ N . By the known conditions, there must be a positive integer
Since q > a + bsp × i=s i=2 |a i |, hence there is at most a number which can be divided q in each row of the matrix M . But there are s(s + 1) elements in M . So, there must be some j with 1 ≤ j ≤ s + 1 such that (z j × i=s i=2 (a i + z j × b i ), q) = 1. Let y = z j and this shows that Case 2 holds and we completed the proof of equivalent form of Dickson's conjecture. The proof of Corollary 2: When 168 > m > 45, one can prove directly. Let m ≥ 168. It is enough to consider the case m = pqt, where p is a prime in {5, 11} and q is a prime in {83, 167}, and t is a positive integer. Note that 6pt − 1,12pt − 1,30pt − 1 and 60pt − 1 are pairwise relatively prime. Therefore, either both of 6pt − 1 and 12pt − 1 are co-prime to m = pqt, or both of 30pt − 1 and 60pt − 1 are co-prime to m = pqt. Noth that
Remark 2:
Remark 3: For any given positive integer k, let f 1 = x and f 2 = x + 2k, we refined the result in [16] without using the method in this paper. But we did not obtain the precise value of L f 1 ,f 2 (c). We will continue to consider this problem.
Remark 4: Dickson's conjecture implies that for any n > 4, f 1 (x) = 1 + 2x,f 2 (x) = 1 + 2 2 x,f 3 (x) = 1 + 2 2 2 x, f 4 (x) = 1 + 2 2 3 x,f 5 (x) = 1 + 2 2 4 x,...,f n+1 (x) = 1 + 2 2 n x can represent infinitely many prime for x. Naturally, we want to know the least x such that f 1 (x), ..., f n+1 (x) represent simultaneously primes. This leads to another interesting problem-estimating the bound of the least x.
Remark 5: Dickson's conjecture implies the first Hardy-Littlewood conjecture [9] which states that for s ≥ 1, f i (x) = 1 + 2b i x for i = 1, ..., s. If there does not exist any integer n > 1 dividing all the products k [18] proved that the first and second conjectures are incompatible with each other. Generally speaking, there is an increased tendency to disprove the second HardyLittlewood conjecture. In 1962, Paul T. Bateman and Roger A. Horn gave a heuristic asymptotic formula concerning the distribution of prime numbers, which implies the first Hardy-Littlewood conjecture. What is more interesting is of that Friedlander John and Granville Andrew [20] [21] [22] showed that Bateman-Horn's asymptotic formula does not always hold. In 2006, by considering the case of system of non-constant affine-linear forms, Green and Tao [13] generalized the first Hardy-Littlewood conjecture. Based on their work, the author got a heuristic conclusion that Dickson's conjecture must hold and it can be generalized to the multivariable case. Next section, we will try to give the precise Dickson's conjecture in the multivariable case.
The generalization of Dickson's conjecture
Let s, k ≥ 1 be positive integers and let f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) be number-theoretic functions from N k to Z. To begin with, we explain the meaning that f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ). We must point out that we do not consider the trivial cases such as f 1 (x) = 2, (x, 2) = 1 1 + 7x, 2|x and f 2 (x) = 6x + 1, (x, 2) = 1 5, 2|x , and so on. Clearly, f 1 (x), f 2 (x) represent simultaneously primes for infinitely many x. But, this is not the case considered. Con-sidering that f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ), we firstly hope that for any 1 ≤ i ≤ s, f i (x 1 , ..., x k ) itself can represent primes for infinitely many integral points (x 1 , ..., x k ). So, we do not consider the case that for some 1 ≤ i ≤ s, f i (x 1 , ..., x k ) is a constant. Moreover, we require that there must be an infinite sequence of integral points (x 11 , ..., x k1 ), ..., (x 1i , ..., x ki ), ... such that for any i = j, f 1 (x 1i , ..., x ki ) = f 1 (x 1j , ..., x kj ), ..., f s (x 1i , ..., x ki ) = f s (x 1j , ..., x kj ) hold simultaneously.
Therefore, the meaning that f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ) is of that f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) represent distinct primes for infinitely many integral points (x 1 , ..., x k ) respectively, moreover, there is an infinite sequence of integral points (x 11 , ..., x k1 ), ..., (x 1i , ..., x ki ), ... such that for any positive integer r, f 1 (x 1r , ..., x kr ),..., f s (x 1r , ..., x kr ) represent simultaneously primes, and for any i = j, f 1 (x 1i , ..., x ki ) = f 1 (x 1j , ..., x kj ), ..., f s (x 1i , ..., x ki ) = f s (x 1j , ..., x kj ) hold simultaneously.
Thus, if f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ), then there is an infinite sequence of integral points (x 11 , ..., x k1 ), ..., (x 1i , ..., x ki ), ... such that for any positive integer r, f 1 (x 1r , ..., x kr ),..., f s (x 1r , ..., x kr ) represent simultaneously primes, and for any positive integer c, there is a positive integer l such that for every integer m ≥ l, we have f 1 (x 1m , ..., x km ) ≥ c,..., f s (x 1m , ..., x km ) ≥ c and f 1 (x 1m , ..., x km ),..., f s (x 1m , ..., x km ) represent simultaneously primes.
So, we get a natural necessary condition that f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ) as follows: there exists an infinite sequence of integral points (x 11 , ..., x k1 ), ..., (x 1i , ..., x ki ), ... such that j=s j=1 f j (x 11 , ..., x k1 ) , ... , j=s j=1 f j (x 11 , ..., x ki ), ... are pairwise relatively prime and f j (x 11 , ..., x ki ) > 1 for each i and j. In [15] , we refined this necessary condition and obtained the following conjectures 2 and 3: If f 1 (x 1 , ..., x k ) , ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ), then there is always a constant c such that for every positive integer m > c, there exists an integral point (y 1 , ..., y k ) such that f 1 (y 1 , ..., y k ) > 1, ..., f s (y 1 , ..., y k ) > 1 are all in Z * m .
In Section 1 of this paper, we have proved Conjecture 2 holds when k = 1 and f 1 (x 1 ), ..., f s (x 1 ) are linear polynomials. f 1 (x 1 , ..., x k ), ..., f s (x 1 , . .., x k ) be multivariable polynomials with integral coefficients. If there is a positive integer c such that for every positive integer m ≥ c, there exists an integral point (y 1 , ..., y k ) such that f 1 (y 1 , ..., y k ) > 1, ..., f s (y 1 , . .., y k ) > 1 are all in Z * m , and there exists an integral point (z 1 , ..., z k ) such that f 1 (z 1 , ..., z k ) ≥ c, ..., f s (z 1 , . .., z k ) ≥ c are all primes, then f 1 (x 1 , ..., x k ) , ..., f s (x 1 , ..., x k ) represent simultaneously primes for infinitely many integral points (x 1 , ..., x k ).
Conjecture 3: Let
As a special case of Conjecture 3, in 1997, Fouvry, Etienne and Iwaniec, Henryk [28] proved that f 1 (x 1 , x 2 ) = x 2 1 + x 2 2 and f 2 (x 1 , x 2 ) = 1 × x 1 + 0 × x 2 represent simultaneously primes for infinitely many integral points (x 1 , x 2 ). 
For example: let
By Corollary 1, one can prove that there is a positive integer c = 6 such that for every positive integer m > c, there exists an integral point (y 1 , y 2 ) such that f 1 (y 1 , y 2 ) > 1, f 2 (y 1 , y 2 ) > 1 are all in Z * m . By the generalization of Dickson's conjecture, f 1 (x 1 , x 2 ) = x 1 + 2x 2 , f 2 (x 1 , x 2 ) = 2x 1 + x 2 should represent simultaneously primes for infinitely many integral points (x 1 , x 2 ). Clearly, this is a necessary condition that there are infinitely many twin primes.
As another example, let's consider
By Corollary 2, one can prove that there is a positive integer c = 7 such that for every positive integer m > c, there exists an integral point (y 1 , y 2 ) such that
should represent simultaneously primes for infinitely many integral points (x 1 , x 2 ). Clearly, this is a necessary condition that there are infinitely many safe primes or Sophie-Germain primes.
Remark 6:
We are very interesting in the following linear system:
Clearly, the matrix A decides whether f 1 (X), ..., f k (X) in the system L 3 represent simultaneously primes. When f 1 (X) = p 1 , ..., f k (X) = p k in the system L 3 represent simultaneously primes, we also say that A represents a prime vector (p 1 , ..., p k ). If there is a positive integer c such that for every positive integer m > c, there exists an integral point Y such that f 1 (Y ) > 1, ..., f s (Y ) > 1 are all in Z * m , we say that A has the good property. The generalization of Dickson's conjecture states that a sufficient and necessary condition that A represents infinitely many prime vectors is of that A has the good property. Surely, a unit matrix has the good property, and all matrixes which have the good property do not always form a group. However, there must be many interesting properties on A. These problems are left as interesting exercises.
Remark 7: By the idea in Section 9 of [15] , one can get another sufficient and necessary condition that A represents infinitely many prime vectors is of that there is a positive integer c such that for every positive integer m ≥ c, there exists an integral point (y 1 , ..., y k ) such that f 1 (y 1 , ..., y k ) > 1, ..., f s (y 1 , . .., y k ) > 1 are all in Z * m! . This sufficient and necessary condition implies that there exists an integral point (x 1 , ..., x k ) such that all of f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) in Z * r! are prime, where r satisfies (r − 1)! < L f 1 ,...,fs (c) ≤ r!, and L f 1 ,...,fs (c) is the least value of c. It shows that the problem of determining the low bound of constant c is of critical importance, and it perhaps leads to a new way for proving Dickson's conjecture and its generalization.
Remark 8: Finally, from a computational point of view, the author asks two questions to close this section: Q 1: Let s, k ∈ N and let f 1 (x 1 , ..., x k ), ..., f s (x 1 , ..., x k ) be multivariable polynomials of degree 1 with integral coefficients. Is there an efficient algorithm for determining whether there is a positive integer c such that for every positive integer m ≥ c, there exists an integral point (y 1 , ..., y k ) such that f 1 (y 1 , ..., y k ) > 1, ..., f s (y 1 , ..., y k ) > 1 are all in Z * m ? Especially, for any given the matrix A, is there an efficient algorithm for determining whether A has the good property? Q 2: For any given the matrix A which has the good property, is there an efficient algorithm for finding L f 1 ,...,fs (c)?
Conclusion
This paper should be a part of the paper On the infinitude of some special kinds of primes. But personally I'd prefer to let it become an independent paper. From a computational point of view, what mankind can solve ideally is only a linear system for thousands of years. In the non-linear case, there is not a generic method. Even solving a system of multivariate equations of order 2 over the finite field GF (2) is NP-hard [23] . This maybe is God's punishment for mankind. In the author's eyes, the problems in nonlinear systems are rather unattackable. Therefore, the author prefers consider-ing some question in the linear systems to studying those in the nonlinear systems although people have made a lot of great progress. At least, the author feels that to solve twin prime conjecture perhaps is easier than to solve Landau's first conjecture. Although it has been proved that x 2 +y 4 and x 3 + 2y 3 can represent infinitely many primes respectively [24] [25] , it perhaps is "unattackable at the present state of science" to prove that x 2 + y 4 and x 3 + 2y 3 can simultaneously represent infinitely many primes. And it is only the personal viewpoint. Number theorists will tell us the correct answer.
Of course, in the linear case, there are some very hard problems, too. For instance, by Euclid's algorithm, one can solve the following problem: for any given integers a 1 , ...a n , find integers x 1 , ...x n with polynomial time such that a 1 x 1 + ... + a n x n = (a 1 , ...a n ). But, when n is large, there is not an efficient algorithm for finding x 1 , ...x n such that a 1 x 1 + ... + a n x n = (a 1 , ...a n ) and
2 is the least. This problem also is NP-hard. Moreover, Majewski and Havas [26] proved that finding the minimum max 1≤i≤n |x i | is NP-complete. As another example, Hilbert [27] asked whether the diophantine equation ax+by+c = 0 is always solvable in primes x, y if a, b, c are given pairwise relatively prime integers. Hilbert's problem is still open in spite of many excellent mathematicians have been made unremitting endeavor. We view these puzzles as a special kind of linear problems. Although the author does not know whether Dickson's conjecture and its generalization belongs this special kind problems, he believes that they must be solved perfectly in the near future.
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A brief introduction to the theory that several multivariable integral polynomials simultaneously represent infinitely many primes -------Dedicated to my father on the occasion of his 66th birthday
Abstract
In 2006, by generalizing Hardy-Littlewood's formula, Green and Tao were the first to consider the question that a system of non-constant affinelinear forms from Z n to Z m represents infinitely many primes. In this appendix, we further generalize their conjecture and introduce briefly the basic theory that several multivariable integral polynomials represent simultaneously prime numbers for infinitely many integral points.
Some basic notations and definitions
Let Z be the set of integers. Denote the set of all prime numbers by P and denote the set of all natural numbers or positive integers by N . We define affine n-space over Z, denoted Z n , to be the set of all n-tuples of elements of Z. An element x = (x 1 , ..., x n ) in Z n is called an integral point and x i is called the coordinates of x. Let Z[x 1 , ..., x n ] be the polynomial ring in n variables over Z. Let Z * n = {x ∈ N |1 ≤ x ≤ n, gcd(x, n) = 1} be the set of positive integers less than or equal to n that are coprime to n. Let Z n = {x ∈ Z|0 ≤ x ≤ n − 1}.
Let's consider the map F :
. In this case, we call F a polynomial map on Z n . Call F a polynomial map on N n if F : N n → Z m for all integral points x ∈ N n , F (x) = (f 1 (x), ..., f m (x)). We call F (on Z n or N n ) linear or a system of non-constant affine-linear forms if for any 1 ≤ i ≤ m, f i (x 1 , ..., x n ) has degree 1. We call the polynomial map F on Z n ( or N n ) admissible if for every positive integer r there exists an integral point x = (x 1 , ..., x n ) ∈ Z n ( or N n ) such that r is coprime to
We call the polynomial map F on Z n ( or N n ) strongly admissible if there is a positive integer C such that for every positive integer k ≥ C, there exists an integral point x = (x 1 , ..., x n ) such that f 1 (x) > 1, ..., f m (x) > 1 are all in Z * k . We call the least positive integer C such that F is strongly admissible a strongly admissible constant.
Let S be set of all solutions of the simultaneous equations: f 1 (x 1 , ..., x n ) ∈ P, ..., f m (x 1 , ..., x n ) ∈ P . Let H = F (S) ∈ P m be the image of S under F . An element of H is called a prime point. Let Ω F (α) = #{(f 1 (x), ..., f m (x)) ∈ P m : f i (x) ≤ α(1 ≤ i ≤ m)} be the number of prime points (f 1 (x), ..., f m (x)) whose any coordinate f i (x) is less than or equal to a positive real number α. Let Ψ F (β) = #{x = (x 1 , ..., x n ) ∈ Z n : (f 1 (x), ..., f m (x)) ∈ P m , |x i | ≤ β(1 ≤ i ≤ n)} be the number of integral points x = (x 1 , ..., x n ) such that the absolute value of any coordinate |x i | is less than or equal to a non-negative real number β such that (f 1 (x), ..., f m (x)) ∈ P m . More generally, one would like
Two basic questions
Let's begin with two well-known results in Analytic Number Theory. In 1988, Friedlander and Iwaniec proved that the polynomial f 1 (x, y) = x 2 + y 4 represents infinitely many primes. Three years later Heath-Brown showed that f 2 (x, y) = x 3 + 2y 3 also represents infinitely many primes. Naturally, one might ask: do f 1 (x, y) = x 2 + y 4 and f 2 (x, y) = x 3 + 2y 3 represent simultaneously primes for infinitely many integral points (x, y) ∈ N 2 ? More generally, for a given polynomial map F on Z n , how to determine whether H is an infinite set or not? Concerning the theory that several multivariable integral polynomials represent simultaneously prime numbers for infinitely many integral points, generally speaking, the main goal is to consider the following two questions:
Question 1: Let F be a given polynomial map on Z n , how to determine whether H is an infinite set or not? Especially, how to determine whether H is empty?
Question 2: Let F be a given polynomial map on Z n . We assume that H is infinite. How to estimate Ω F (α), Ω F (α 1 , ..., α m ) (or Ψ F (β), Ψ F (β 1 , ..., β n )) and give a good approximation to Ω F (α), Ω F (α 1 , ..., α m ) (or Ψ F (β), Ψ F (β 1 , ..., β n ))?
In this appendix, we consider mainly Question 1. Incidentally we mention some heuristic formulae on Question 2.
Some heuristic conjectures on Question 1
On Question 1, Green and Tao is the first to consider the case that F is a system of non-constant affine-linear forms on Z n and generalize HardyLittlewood Conjecture. They believe that the following conjecture 1 holds.
Conjecture 1 (Green-Tao): If a system of affine-linear forms F on Z n is admissible, then H is infinite.
In the case that F is a system of non-constant affine-linear forms on N n , in 2009, we conjecture that if F is strongly admissible, then H is infinite. This can be further generalized as follows:
Conjecture 2: If a system of affine-linear forms F on Z n is strongly admissible, then H is infinite.
In our subsequent paper An equivalent form of Green-Tao Conjecture, we will prove that Conjecture 1 and Conjecture 2 are equivalent using Generalized Chinese Remainder Theorem which states that if gcd(a, b) = 1, the Cartesian product Z * a × Z * b (Z a × Z b ) is isomorphic to Z * ab (Z ab ). More generally, if gcd(a i , a j ) = 1 for 1 ≤ i = j ≤ n, then (Z We believe that the expression of Conjecture 2 is better than the expres-sion of Conjecture 1 because it is more convenient to generalize by using the notation "strongly admissible". In fact, one could generalize Conjecture 2 to the case that F is a polynomial map on Z n as follows.
Conjecture 3 (The generalization of H Hypothesis): Let F be a polynomial map on Z n . If F is strongly admissible, and there exists an integral point y = (y 1 , ..., y n ) such that f 1 (y) ≥ C, ..., f m (y) ≥ C are all primes, then H is infinite, where C is the strongly admissible constant. 
